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Some results from a combined experimental and analytical study of the low-speed flutter characteristics of
low-aspect-ratio delta wings are presented. Data are presented showing the effects of sweep angle on the flutter
characteristics of some simple plate models of constant planform area. The range of sweep angles studied was
from 30 to 72 deg. In addition, flutter results are presented for two 30-deg-sweep clipped-delta-wing models.
Also, results are presented that show the effects of root clamping (percentage length of the root chord that is
cantilevered) for a 45-deg-sweep delta wing. The experimental data are compared with analytical results obtained
by using kernel function and doublet-lattice subsonic unsteady lifting surface theories.

Introduction

R EKINDLED interest in hypersonic aircraft has resulted in
the need to better understand the flutter characteristics of

low-aspect-ratio delta-wing configurations that are candidate
planforms for use with such airplanes. In his excellent sum-
mary of experimental and theoretical flutter studies, Harris1

observed that "more difficulty was experienced in obtaining
data . . . for surfaces of delta type planform than was the case
for conventional planforms." Although this observation was
made in 1963, the situation is not much different today. A
recent literature survey by Reed et al.2 focused on the flutter
characteristics of candidate hypersonic airplane configura-
tions. They identified only five papers published since 1963
that present experimental flutter data for delta wings.

The current study, part of a much larger effort to provide a
better understanding of delta-wing flutter characteristics
throughout the Mach number range, was undertaken to deter-
mine the low-speed flutter characteristics of some simple delta-
wing configurations. The primary parameters studied were
leading-edge sweep, varying from 30 to 72 deg; percentage
removed from the tip of a 30-deg-sweep delta wing to form
clipped delta wings, 20 and 30%; and percentage length along
the root chord that was clamped (cantilevered), varying from
21 to 100%, for a 45-deg-sweep delta wing. The experimental
results were obtained in the NASA Langley Research Center
Transonic Dynamics Tunnel. Analytical results obtained by
using kernel function and doublet-lattice subsonic unsteady
lifting surface theories were compared with the experimental
results.
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Models
Description

There were three series of model configurations tested. The
first series, hereafter referred to as the sweep-effects series,
consisted of four delta-wing configurations of constant 260
in.2 planform area, with respective leading-edge sweep angles
of 30, 45, 60, and 72 deg, and corresponding panel aspect
ratios of 3.45, 2.00, 1.15, and 0.65. Sketches of these con-
figurations are shown in Fig. 1. The models were constructed
of aluminum alloy plate. The plate thickness for the 30-deg-
sweep model was 0.091 in.; the plate thickness for the 60-deg-
sweep model was 0.064 in.; and the plate thickness for the
72-deg-sweep model was 0.051 in. There were two models with
45-deg sweep. The plate thicknesses for these two models were
0.064 in. and 0.091 in.

The second series of configurations, hereafter referred to as
the tip-clipping-effects series, consisted of a 30-sweep delta-
wing configuration and two variations thereof. These varia-
tions in configuration were clipped delta wings. For one, the
outermost 20% of the basic delta wing was removed; for the
other, the outermost 30% of the basic delta wing was removed.
The respective planform areas of these three models were 260
in.2, 250 in.2, and 237 in.2, with corresponding panel aspect
ratios of 3.45, 2.31, and 1.87. These models were constructed
of 0.091-in.-thick aluminum alloy plate. Sketches of these con-
figurations are presented in Fig. 2.

The third series of configurations, hereafter referred to as
the root-clamping-effects series, consisted of variations in the
percentage length of the root chord that was clamped (canti-
levered) for a 45-deg-sweep delta wing having a planform area
of 260 in.2 and a panel aspect ratio of 2.00. This model was
constructed from 0.064-in.-thick aluminum alloy sheet, and
was serially modified by sawing along the root chord so that
the length of the cantilever root was reduced first from 22.8 in.
(100% root chord) to 16.8 in. (74% root chord), then reduced
to 10.8 in. (47% root chord), next reduced to 7.8 in. (34% root
chord), and finally reduced to 4.8 in. (21% root chord).
An equal amount was sawed from the leading and trailing
edges, so that the clamping was symmetric about the center of
the root chord. Sketches of each modification of the model
are shown in Fig. 3. The model was flutter tested after each
modification.

For all the models, the leading and trailing edges of the
aluminum plate were beveled to form sharp edges. Each model
was instrumented with two four-arm resistance-wire strain
gauge bridges. One bridge was oriented to be primarily sen-
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Fig. 1 Geometry of sweep-effects models. (Linear dimensions are in inches.)
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Fig. 2 Geometry of tip-clipping-effects models. (Linear dimensions are in inches.)
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Fig. 3 Geometry of root-clamping-effects models. (Linear dimensions are in inches.)
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sitive to strains produced by span wise bending deflections,
whereas the other bridge was oriented to be primarily sensitive
to strains produced by torsional, or chordwise, deformations.
In addition, transition strips of #30 carborundum grit were
installed on the upper and lower surfaces of all models. The
center of each strip was at 10% of the local chord; the stream-
wise width of each strip was approximately 2% of the local
chord.

Vibration Characteristics
The natural vibration frequencies, mode shapes, and gener-

alized masses were calculated. To accomplish this, a finite
element model was developed for each model configuration
tested by using the EISI-EAL Engineering Analysis computer
code.3 The wings were modeled using a combination of trian-
gular and quadrilateral plate elements. A typical arrangement
of finite elements is shown in Fig. 4.

The first five natural frequencies and corresponding nodal
patterns were measured for most of the models. To obtain

these data, the models were excited by using a variable fre-
quency pulsating air jet. The nodal patterns were obtained by
observing the gravitation of sand sprinkled on the surface of
the vibrating models to the node lines, points of no vibration.

Sweep-Effects Series
Calculated nodal patterns are presented in Fig. 5. Although

they are not shown in the figure, the measured nodal patterns
were very similar to the calculated ones. An examination of the
nodal patterns in Fig. 5 shows that the patterns for the 30-deg-
sweep delta-wing model exhibit a typical set of what is usually
termed bending and torsion modes. For example, the first,
second, and fourth modes are, respectively, the first, second,
and third bending modes; the third and fifth modes are first
and second torsion modes; the sixth and seventh modes are
coupled bending-torsion modes. As the model sweep angle
increases, however, the node lines change considerably and the
classification of modes into bending and torsion categories is
not as obvious. For example, the second mode for the 72-deg-
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Fig. 4 Typical structural finite element model.

sweep wing appears to be a torsion mode from the location of
the node line, but a careful examination of the "migration" of
nodal patterns as sweep angle is increased shows that this mode
is actually the modal equivalent of the second bending mode
for the 30-deg-sweep wing, that the third mode for the 72-deg-
sweep wing is the modal equivalent of the third bending mode
(fourth mode) of the 30-deg-sweep wing, and that the fourth
mode for the 72-deg-sweep wing is the modal equivalent of the
first torsion mode (third mode) of the 30-deg-sweep wing.

Some calculated and measured natural frequencies are pre-
sented in Fig. 6. The curves in these figures are fared through
the calculated results. The measured frequencies are differ-
entiated from the calculated ones by the use of ticked sym-
bols. For presentation in this figure, the frequencies have
been adjusted to the values they would have if all of the wings
were 0.064 in. thick by using ratios of the actual plate thick-
ness to the reference thickness. The measured frequencies
are in good agreement with the calculated frequencies. The
variations of the modal frequencies with sweep angle are eas-
ily seen. Although the curves for the modes labeled first
torsion and third bending do not actually cross, as shown by
the inset in Fig. 6, they do come very close together. As
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Fig. 5 Calculated node lines for sweep-effects models.
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Fig. 6 Calculated and measured natural frequencies of sweep-effects
models. (Frequencies adjusted for plate thickness = 0.064 in.)

the curves approach one another as sweep angle is increased,
they change their direction so that one appears to be the
extension of the other, resulting in a switching of character
of the two modes from one side of the * 'crossing point" to
the other, as indicated by the nodal patterns shown in Fig. 5.
The vibration results shown here are consistent with the vi-
bration characteristics of platelike delta wings observed by
other investigators.4'5

Tip-Clipping-Effects Series
Calculated node lines and calculated and measured natural

frequencies are presented in Figs. 7 and 8, respectively. The
actual frequencies are presented in Fig. 8, because the thick-
ness was the same for all models in this series. There is no
switching of the character of modes in the frequency spectra
for these models over the range of tip clipping studied,
although the frequencies of the second bending and first
torsion modes tend to approach each other as more of the
tip is removed. The calculated and experimental frequencies
are in good agreement. Although not shown, similar agree-
ment was found between calculated and measured nodal
patterns.
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Fig. 7 Calculated node lines for clipped-tip-effects models.
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Fig. 8 Calculated and measured natural frequencies for clipped-tip-
effects models.

Root-Clamping-Effects Series
Calculated nodal patterns are presented in Fig. 9. Although

not shown, the measured nodal patterns were very similar to
the calculated ones. Some calculated and measured natural
frequencies are presented in Fig. 10. The actual frequencies are
shown in this figure because the models had the same thick-
ness. The agreement between the measured and calculated
frequencies is good. The data for the root-clamping-effects
models also show a switching of bending and torsion modes in
the order of natural modes similar to that described previously
for the sweep-effects series. In this case, as percent root clamp-
ing is decreased, the curves for the modes labeled second bend-
ing and first torsion come close together at about 45% root
clamping. A comparison of the node line for the third mode of
the 100% clamped model with the second mode of the 21%
clamped model shows little difference; therefore, the second
mode of the latter (21%) is the modal equivalent of the third
mode of the former (100%).

The overall good agreement between calculated and mea-
sured vibration characteristics for all three series of models
validated the accuracy of the analytical finite element model.
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Fig. 9 Calculated node lines for root-clamping-effects models.
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Fig. 10 Calculated natural frequencies of root-clamping-effects
models.
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Fig. 11 Typical arrangement of doublet-lattice boxes and kernel
function collocation points.

Flutter Experiments
Wind Tunnel

The wind-tunnel tests were conducted in the Langley Tran-
sonic Dynamics Tunnel (TDT). This wind tunnel is used al-
most exclusively for aeroelastic testing. The TDT is of the
single return type, and its speed and stagnation pressure are
continuously controllable over a range of Mach numbers from
near 0 to 1.2, and a range of pressures from near vacuum to
approximately one atmosphere. Either air or a heavy gas (R-
12) can be used as the test medium. Air at atmospheric stagna-
tion pressure was used for the present study.

Flutter Test Procedure
The determination of a flutter point proceeded as follows:

With the tunnel stagnation pressure set at atmospheric pres-
sure, the fan rpm was gradually increased in steps, and the
model response was observed visually by the test engineer. The
output of the strain gauge bridges was monitored by another
engineer on a strip chart recorder. In addition, the mean
values of the strain gauge signals, proportional to static load,
were displayed on a digital display. When the observations
indicated that a flutter condition had been reached, the wind-
tunnel flow conditions were recorded, after which the tunnel

speed was rapidly reduced. In addition, the strain gauge output
signals were monitored using a transfer function analyzer to
obtain the predominant frequency content of the model re-
sponse and to monitor the response of the model as flutter was
approached.

For testing, the models were clamped in a set of blocks
(cantilever root condition) that was in turn attached to a
remotely controlled turntable on the wall, so that the angle
of attack could be changed during testing. The model attitude
was continuously adjusted to near zero lift by using the
turntable. The mounting arrangement was such that the
root chord of the model was outside the wind-tunnel wall
boundary layer.

Natural frequencies of each model were checked before and
after each flutter point to ensure that the model had not been
damaged. No damage was detected.

Flutter Analysis
Flutter calculations were made using kernel function6 and

doublet-lattice7 subsonic unsteady lifting surface theories.
Typically, 48 collocation points (eight chordwise points at
each of six spanwise stations) were used for the kernel function
calculations. The number of doublet-lattice boxes varied from
75 to 140, with the total number of boxes and the number of
boxes per chord increasing with increasing model sweep angle.
The aspect ratios of the doublet-lattice boxes were, for the
most part, close to one. Illustrative arrangements of colloca-
tion points and doublet-lattice boxes are shown in Fig. 11.
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Fig. 12 Typical root locus flutter solution.
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Fig. 13 Variation of flutter frequency ratio with sweep angle for
delta-wing models.
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(This is the same model for which the finite element model
was shown in Fig. 4.) The first seven calculated mode shapes,
generalized masses, and natural frequencies were used in the
analyses. A structural damping ratio of 0.01 was used for all
modes. A p-k flutter solution method8 was used to solve the
flutter equations, and the results were plotted in a root-locus
format. A typical result is shown in Fig. 12.

The calculations were made at Mach numbers correspond-
ing to the experimental values. The calculated results are
"matched points" in that the flutter speed is consistent with
the Mach number for which each individual calculation was
made.

Results and Discussion
The flutter results are presented in the form of the flutter

velocity index K/, which is a parameter commonly used to
correlate flutter data from different configurations. This pa-
rameter is defined by the relationship

where V is the flutter speed; /ref is a reference frequency,
usually the torsion natural frequency used here; bref is a refer-
ence length (mean semichord was used here); and p is the mass
ratio parameter. The mass ratio parameter is defined as the
mass of the wing divided by the mass of a circumscribed vol-
ume of air. For the delta-wing models, the volume used was
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Fig. 14 Variation of flutter velocity index parameter with sweep
angle for delta-wing models.
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Fig. 15 Variation of flutter frequency with percent span reduction
for 30-deg-sweep delta-wing model.
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Fig. 16 Variation of flutter velocity index parameter with percent
span reduction for 30-deg-sweep delta-wing model.
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Fig. 17 Variation of flutter frequency ratio with percent root clamp-
ing for 45-deg-sweep delta-wing model.

that contained in a right circular cone that had a base diameter
equal to the wing root chord and an altitude equal to the wing
span. For the clipped delta wings, the volume was that of a
conical frustum having diameters equal to the wing root and
tip chords and an altitude equal to the wing span. The mass of
the fluid is the fluid density at the flutter condition multiplied
by this volume.

Because the experimental flutter results were obtained at
very low speeds (the Mach number range was from approx-
imately 0.10 to approximately 0.35), compressibility effects
are assumed to be very small, and the data are presented and
discussed as if they were all obtained at the same Mach num-
ber. Recall that the calculations were made at Mach numbers
corresponding to the experimental results.

The flutter experimental and calculated results are presented
in Figs. 13-18. There are two figures each for the three series
of models. Presented in the first figure for each series is the
variation of the ratio of flutter frequency to natural torsion
frequency with the parameter being studied, for example,
sweep angle. Presented in the second figure is the variation of
the flutter velocity index with the parameter being studied. The
experimental results are indicated by the symbol and solid-line
faring. The doublet-lattice calculated results are marked by the
dashed line. The kernel function results are indicated by the
long/short dashed line.
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Sweep-Angle Effects
The results for the sweep-effects series are presented in

Figs. 13 and 14. The experimental frequency results (Fig. 13)
show that the flutter frequency as a fraction of the torsion
increases slightly as sweep angle is increased from 30 to 45 deg,
and then begins to decrease in value as sweep angle increases
further. The flutter frequency ratio varied from about 40 to
60% of the torsion frequency over the range of sweep angles
investigated. The flutter velocity index (Fig. 14) shows a linear
decrease in value as sweep angle is increased from 30 to 72 deg.
The Vj parameter does an excellent job of correlating the
two flutter points obtained for the two 45-deg-sweep models.
There was almost a factor of three difference in actual flutter
dynamic pressures for these models. Although not shown here,
the flutter dynamic pressure increased with increasing sweep
angle as would be expected.

A few comments about the nature of the flutter that was
observed are in order. For the lower sweep angles, flutter onset
was clear in that at flutter the response began to increase at a
rapid rate in the usual divergent amplitude oscillation. As
sweep angle was increased, however, the onset of flutter be-
came less distinct. As the flutter condition was approached,
the higher sweep models exhibited long bursts of lowly damped
oscillations. The flutter condition itself was in the nature of a
limited amplitude oscillation.

The trends of the calculated frequency and velocity results
are very similar to the experimental results. The calculated
frequency results obtained by using the two theories were es-
sentially the same. The calculated flutter velocity boundary is
conservative with respect to the experimental results. The per-
centage difference between theory and experiment increases
with increasing sweep angle.

Tip-Clipping Effects
The results for the 30-deg-sweep clipped delta wings are

presented in Figs. 15 and 16. The ratio of experimental flutter
frequency to torsion frequency (Fig. 15) is almost constant,
about 0.55 in value, over the range of tip clipping studied. The
experimental flutter speed (Fig. 16), as indicated by the K/
parameter, decreases as tip clipping is increased from the
pointed tip delta wing to a 30% clipped delta wing.

The trends of the calculated frequency and velocity results
are very similar to the experimental results. The calculated
frequency results obtained by using the two theories are very
close in value. Both sets of calculated flutter velocity bound-
aries are in good agreement with one another, and are conser-
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Fig. 18 Variation of flutter velocity index parameter with percent
root clamping for 45-deg-sweep delta-wing model.

vative with respect to the experimental results. The agreement
between theory and experiment appears to improve slightly as
tip clipping increases.

Root-Clamping Effects
The results for the root-clamping-effects series of models

are presented in Figs. 17 and 18. The experimental flutter
frequency ratio results (Fig. 17) show a saddle at about 35%
root clamping, indicating a transition from flutter of one
characteristic to that of another characteristic. The reason for
this is believed to be due to a change in relative participation
of the bending and torsion natural modes in the flutter mode.
Recall that the second and third natural modes (second bend-
ing and first torsion) switch places in the frequency spectrum
near a root-clamping value of about 45% (see Fig. 10). The
calculated flutter roots are associated with the natural fre-
quency. The flutter velocity index results (Fig. 18) show a
decrease in flutter speed as the percentage of the root that is
clamped is increased.

The trends of the calculated frequency results are very simi-
lar to the experimental results, exhibiting the same saddle
shape as discussed previously. The calculated frequency results
obtained by using the two theories are very close in value. Both
sets of calculated flutter velocity boundaries are in good agree-
ment with one another, almost identical in value for the
smaller values of root clamping, and are conservative with
respect to the experimental results.

Concluding Remarks
Experimental and analytical flutter results have been pre-

sented for some low-aspect-ratio delta wings with sweep angles
ranging from 30 to 72 deg. The study included the deter-
mination of the effects on flutter characteristics of leading-
edge sweep angle, of removing portions of the tip to form a
clipped-delta-wing configuration for a 30-deg-sweep wing, and
of variations in percentage of the root that was clamped
(cantilevered) for a 45-deg-sweep wing. The results show that,
for flutter speeds expressed in the form of the flutter velocity
index, the flutter speed decreases with increasing sweep, de-
creases with decreasing span, and decreases as the percentage
of the root that is clamped is increased. Analytical results
obtained by using kernel function and doublet-lattice subsonic
unsteady lifting surface theories were always conservative, and
agreed better with the experimental results for the lower sweep
angles. There were only small differences between the two
analytical results.
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